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Landau-Zener tunneling problem for Bloch states
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We study the Landau-Zener tunneling problem for particles bound in periodic lattice insulators.
To this end, we construct the path integral based on the Bloch and Wannier functions in the presence
with an external force, and the transition amplitude is calculated for the Su-Schrieffer-Heeger model.
We find that the tunneling probability in bulk periodic systems becomes drastically larger than that
by the Landau-Zener formula. This enhancement is prominent for small values of the external field or
small hopping integral compared with the gap, and comes from the difference between the Dirac and
the periodic dispersions. In addition, when the lattice effect is strong, another analytical formula of
the tunneling probability is given with a different behavior from the Landau-Zener formula. Finally,
we discuss the observation scheme for the lattice effect.
PACS numbers: 71.30.+h, 72.10.Bg, 79.60.-i, 72.20.Ht
I. INTRODUCTION
The tunneling phenomenon represents one of the most
fundamental features of quantum mechanics. The tran-
sition of the particle between the potential barrier can-
not be described by classical physics. The Landau-Zener
(LZ) problem gives a simple description for the non-
adiabatic transition between two levels1–3 . Two-state
systems are ubiquitously obtained, and this problem has
been studied in various quantum systems, e.g., opti-
cal systems4,5, bosonic systems6–8, chemical bonds9,10,
and Zener breakdown with metal-insulator transitions of
semiconductors11–17.
The tunneling probability of the LZ problem is given
by the celebrated LZ formula, which is derived by the
Wentzel-Kramers-Brillouin (WKB) method in a conven-
tional way18. Typically, for the electron in solids, this
widely-used formula is derived by the low-energy model
based on the k ·p approximation. The low-energy Hamil-
tonian is introduced as HD = vkαz + ∆αx, with the
momentum k, the velocity v, and the gap ∆. α are the
Pauli matrices for the band, and the chemical potential
is zero. The energy dispersion is given as ξk,± = ±ξk
with ξk =
√
∆2 + v2k2. In the semiclassical picture of
the system with the external force V (x) = −Fx, the
wavenumber depends on time k = Ft+ const., and the
kinetic energy of the Dirac Hamiltonian vkαz can be re-
garded as the time-dependent level separation of the LZ
problem. Therefore, this one-dimensional (1D) massive
Dirac model is true to the system originally given by
Zener. In the transition process, k becomes imaginary,
and the energy changes from −∆ to ∆ by the force F 17
with the spatial transition from −X0 to X0
(
= ∆
F
)
by the
total energy conservation law. The probability by the LZ
formula is given as
PD = e
2iSD , (1)
with iSD = −π∆22Fv .
On the other hand, especially for bound particles, we
cannot always obtain the linear separation. In lattice
systems, the level separation for the LZ problem is given
by gapless terms of the Hamiltonian, and the dispersion
has a nonlinear form by reflecting the spatial periodicity
of the system. Namely, it is not sufficient to describe
features peculiar to the particles in lattice systems by
the LZ formula for the linear approximation. Moreover,
approximation methods should be carefully used for cal-
culations of the tunneling amplitude, since the transition
occurs between distant energy levels, and therefore non-
perturbative methods are favorable for the description of
tunneling phenomena.
In this paper, we consider the LZ problem for peri-
odic lattice systems by the external force in real space.
We predict that the tunneling probability in bulk be-
comes drastically larger than that by the LZ formula and
show that the lattice effect on the LZ problem cannot be
neglected for the small velocity or small force. To this
end, we construct the path integral19 of the Bloch states,
and the transition probability by the semiclassical con-
tribution is analytically calculated by using the instan-
ton method20 for the Su-Schrieffer-Heeger (SSH) lattice
model21,22. Our findings imply the higher-order effect
plays a large role in various tunneling phenomena.
II. PATH INTEGRAL OF THE BLOCH STATES
IN ONE DIMENSION
The path integral is a well-established method for the
calculation of the transition amplitude of the quantum
states. Here, we construct the calculation of the am-
plitude by using the Bloch and Wannier states in 1D
systems, and we obtain the path integral described by
the lattice coordinate X , wavenumber k, and the spinor
η representing the degrees of freedom of the system. To
this end, we first assume that the quantum particle in the
lattice is described by the Bloch states |ψ(n, k)〉 with the
band index n = 1, 2, . . . ,M (the number of bands: M).
Without the external field, the Hamiltonian Hk main-
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FIG. 1: (a) Schematic of the energy dispersions and non-
adiabatic transition process. The energy dispersions are
shown on the k axis, for the Dirac Hamiltonian (solid blue
curve) and tight-binding Hamiltonian (9) (solid red curve),
respectively. Their transition processes are shown in the dot-
ted curves on at the imaginary wavenumber k → iq. The
initial and final energies are on the lower and upper band
edges: ξi = −ξk=0 = −∆ and ξf = +ξk=0 = ∆. Due to the
higher-order effect, there is a difference in the tunneling path.
(b) Schematic of the time contour of the instanton. The two
bold dots show the branching points ±τ0 = ±
1
F
Arcsinh∆
v
with ξFτ0 = 0, and the solid line between the two dots is
the branch cut. Along the contour, ξ changes its sign by the
transition to another sheet of the Riemann surface.
Hk|ψ(n, k)〉 = ξnk|ψ(n, k)〉 with the band energy ξnk. In
addition, we employ the the Wannier states:
|n,X〉 = 1√
Na
∑
k,n′
e−ikXUn′nk|ψ(n′, k)〉, (2)
with the number of atoms Na. Uk is the unitary matrix
defined as
Uk = T exp
(
i
∫ k
dk′Ak′
)
, (3)
where the connection is An′n = 〈un′k|i∂kunk〉, and
|ψ(n, k)〉 = eikx|un,k〉. T is the time-order operator of
the path integral. Then the matrix element of the po-
sition operator x is expressed by the lattice coordinate:
〈n′, X |x|n,X〉 = X .
According to the path integral procedure19, we con-
sider the finite time transition amplitude from t = ti to
tf , and the time interval is divided into N with ǫ =
tf−ti
N
.
We express the state at tj = ǫj + ti as |ηtj , kj〉 =∑
nj
η
nj
j |ψ(nj , kj)〉 by the spinor ηj. The spinor ηj sat-
isfies ηµ†j ·ηνj = δµν , ∀j ∈ [1, . . . , N ] for µ, ν ∈ [1, . . . ,M ].
The transition matrix elementK(Υf ,Υi) between the ini-
tial state Υi ≡ (ηti , ki) and the final state Υf ≡ (ηtf , kf )
as
K(Υf ,Υi) = 〈ηtf , kf |e−i
∫ tf
ti
H˜dt|ηti , ki〉
=
∫
DΥ
N∏
j=1
Uj =
∫
DΥei
∫ tf
ti
dtL
, (4)
with DΥ = DkDXDη†Dη. The total Hamiltonian is
given by the Bloch Hamiltonian and the external poten-
tial V = −Fx: H˜ = Hk + V (x). The component of the
path integral is given as
Uj = 〈ηtj+1 , kj+1|e−iǫH˜ |ηtj , kj〉
=
1
Na
∑
mj ,Xj
〈ηtj+1 , kj+1|mj , Xj〉〈mj , Xj |e−iǫH˜ |ηtj , kj〉
=
1
Na
∑
mj ,Xj
eiǫLj , (5)
By calculating the transition process, the Lagrangian
L is expressed for both the lattice coordinate and the
wavenumber,
Lj = −Xj · k˙j − iη˙†j · ηj + k˙〈Ak〉 − 〈ξˆk〉 − V (Xj), (6)
where ξˆk = diag(ξ1k, ξ2k, . . . , ξMk), the bracket and dot
are defined as 〈O〉 ≡ η†Oη, and O˙j ≡ Oj−Oj−1ǫ . Sim-
ilar Lagrangians can be seen in the wave-packet the-
ory23,24. Owing to Eq. (2), the external field in the
Lagrangian (6) is expressed by the lattice coordinate
V (x) → V (X) = −FX , and then the path integral is
expressed by the effective Lagrangian L˜ derived by the
integral with respect to Xj in Eq. (4):
K(Υf ,Υi) =
∫
DΥ′ei
∫ tf
ti
dt L˜ (7)
L˜ = −iη˙†t · ηt + F 〈Akt〉 − 〈ξˆkt〉, (8)
where DΥ′ = Dη†Dη, and k˙ = F .
III. INSTANTON METHOD IN THE 1D SSH
MODEL
Having established the path integral with the effective
Lagrangian by the Bloch states, we consider the LZ prob-
lem of the lattice system. In a conventional way, the LZ
formula of the two-state model is derived by the lowest
order perturbation of the Schro¨dinger equation in terms
of the level separation, i.e., the k · p approximation, by
the assumption that small momenta are involved in the
transition process. Consequently, this approach intro-
duces the Dirac model. However, as the gap becomes
larger, the contribution beyond the linear approximation
should be taken into account. For the lattice system, rig-
orous solutions are brought by the differential equation
of the infinity order of the Schro¨dinger equation. When
3the velocity is large, the difference from the Dirac disper-
sion could be perturbatively treated with a finite-order
differential equation, although this perturbative proce-
dure breaks down for the small velocity, i.e., flat-band
systems. Therefore, the nonlinearity makes solutions elu-
sive for the conventional approach. Meanwhile, the path
integral allows us to treat operators as c-numbers, and
the higher-order effect can be analytically obtained for
simple models.
As a natural extension of the Dirac model to a 1D
lattice system, we employ the SSH model21,22. In the
vicinity of the band edge, the SSH system is equal to
the Dirac model, and the comparison between the lattice
and Dirac systems is expected to exhibit physical effects
of the periodic nature of the lattice with clarity. The
SSH Hamiltonian is given as
Hk = v sin kαz +∆αx, (9)
where the hopping integral v corresponds to the velocity
of the Dirac model, and we put a = 1 for simplicity. The
eigenvalues are given as ±ξk with ξk =
√
v2 sin2 k +∆2
for the upper (+) or lower bands (−) (Fig. 1(a)).
For the above model, we first consider the classical
equation of motion. By using the expression for the
spinor η = (cos θt
2
e−iφt , sin θt
2
)t, the effective Lagrangian
(Eq. (8)) of the SSH model has the form
L˜ = 1
2
φ˙(1 + cos θ) + F
ak
2
sinφ sin θ − ξk cos θ, (10)
where the connection is A = ak
2
σy, with ak =
∆v cos k
ξ2
k
and k = Ft. σ are the Pauli matrices by the basis of the
eigenstates of the Hamiltonian. The Euler-Lagrangian
equation gives the classical solutions 〈σ〉 = (0, 0, κ) with
κ = ±1, and κ is determined by the initial condition, i.e.,
the lower state κ = −1 or upper state κ = 1. Thus, the
classical Lagrangian is given as
Lcl = −ξkκ. (11)
Since we consider the transition between the upper and
lower band edges, the initial wavenumber (time) is given
as ki = Fti =
lπ
F
with an integer l. lπ comes from the
valley of this tight-binding model, and since it does not
affect the transition amplitude in the present problem,
we choose l = 0 in the following discussion.
We consider the action according to the instanton
method by the imaginary time procedure20: t → −iτ .
For the classical contribution of the transition amplitude,
we obtain the action by the integral of the Lagrangian
along the contour on the imaginary time axis C as shown
in Fig. 1(b). On the contour C, the wavenumber is given
by k = iF τ ≡ iq, and the magnitude of the energy is
expressed as ξk =
√
∆2 − v2 sinh2 q. The transition be-
tween the two adiabatic states ±ξk corresponds to the
change of the branch at τ0 =
1
F
Arcsinh 1
ρ
with ρ ≡ v
∆
;
the band transition is brought by the change of the Rie-
mann surface sheet but not of the spinor angle θ. Then
the transition amplitude TB by the semiclassical action
is given as
TB ∼ eiSB , (12)
with
SB =
∫
C
dtLcl. (13)
The semiclassical contribution of the amplitude gives the
transmission probability PB = e
2iSB for small values of
TB.
The instanton action SB (13) is calculated as
iSB = −X0ΘB(ρ), (14)
ΘB(ρ) = 2
√
1 + ρ2
[
K
(
1√
1 + ρ2
)
− E
(
1√
1 + ρ2
)]
,
(15)
where ρ ≡ v
∆
and X0 =
∆
F
(see Appendix A). K(Q) and
E(Q) are the complete elliptic integrals of the first and
second kinds, respectively, with a variable Q (Eq. (A4)).
The action (14) includes the periodic lattice effect in a
non-perturbative form and is determined by two factors:
ΘB(ρ) and the scale of the potential barrier region X0.
ΘB(ρ) depends only by the intrinsic parameter ρ, and
therefore, this function characterizes the magnitude of
the tunneling of the material. Figure 2(a) shows the cal-
culation results for ΘB and ΘD ≡ π2 ρ−1 = − iSDX0 . Then,
we obtain ΘB < ΘD, and consequently the transition
probability of the lattice system becomes larger than that
by the LZ formula (Eq. (1)), PD < PB.
To see further physical difference from the Dirac model,
we focus on the function ΘB(ρ) for the two cases ρ ≫ 1
and ρ≪ 1. In those regions, iSB is expressed as,
iSB(ρ) ∼ −X0
[
ΘD(ρ)− π
16
ρ−3 . . .
]
, (ρ > 1), (16)
∼ −X0
[
ΘF(ρ)− ρ2 ln ρ+ . . .
]
, (ρ < 1).(17)
ΘF(ρ) ≡ −2 + 2 ln 4∆v is given by the lowest order of
ΘB(ρ) in terms of ρ and is shown in Fig. 2(a). For
ρ > 1, the probability by the LZ formula is obtained
by the first term, and since the second term is pos-
itive (iSD = −X0ΘD(ρ) < 0), the transition proba-
bility definitely increases. For ρ ≪ 1, by the action
iSF ≡ −X0ΘF(ρ), Eq. (17) gives the transition proba-
bility in another approximation form, PB ∼ PF = e2iSF
with
PF =
( v
4∆
)4X0
e4X0 . (18)
Then, PF obviously has a different form of the function,
compared with the LZ formula, and this probability is
obtained when the change of the level separation v (hop-
ping or velocity) becomes smaller than the hybridization
∆. By the calculation results, we note that the LZ for-
mula and PF can be used as the approximations for small
X0.
4IV. DISCUSSION AND EXPERIMENTAL
OBSERVATION
Previously, we have shown that the tunneling probabil-
ity of the lattice system becomes larger than that by the
LZ formula. Here, we first discuss the increased amount
by the lattice effect. In Fig. 2(b), the calculation results
of PB (the right vertical axis) and the ratio of the proba-
bilities PB
PD
(the left vertical axis) are shown for X0 = 10.
By the results, we have the ratio PB
PD
> 1 as previously
discussed. In addition, this ratio is very large for ρ < 1,
while PB becomes drastically small in this region. For
the electron in solids, we have ρ > 1, in many cases, and
by Eq. (16), the ratio of these cases becomes
PB
PD
∼ e pi8ρ3 X0 . (19)
Then, we cannot neglect the lattice effect for π
8ρ3
X0 > 1.
For the electron with the charge −e, the electric field E
gives the force F = −eE, and the lattice effect appears
when E is smaller than E˜ = π
8
∆4
aev3
. An estimation gives
E˜ ∼ 3.93 × 103Vcm−1 for the typical parameters: ∆ =
0.1eV, v = 1eV, and the lattice constant a = 0.1nm.
Therefore, the tunneling electron is affected by the lattice
effect for a wide range of E.
We note that our calculation result differs substan-
tially from the traditional perturbative result. In the
conventional approach, we assume that a dispersion curve
around the gap contributes mainly to the transition prob-
ability; namely, a lowest order Hamiltonian HD in terms
of momentum k gives a principal contribution PD. Thus,
the difference between the lattice and the lowest or-
der dispersion is treated as a perturbative correction:
δP ≡ PB − PD with | δPPD | ≪ 1. However, we obtain the
case with
∣∣∣ δPPD
∣∣∣ > 1 as shown Fig. 2(b). The transition
probability of the lattice is expressed as PB = e
2iSDe2iδS
with iδS ≡ iSB − iSD. Note that, although | δSSD | is small
for ρ > 1, |δS| is not always small. Therefore, eiδS > 1
can occur as discussed in the previous electron system.
Actually, the total transition probability becomes even
more than 100 times larger than that of the LZ formula
as shown in Fig. 2(b), and in those regions the LZ for-
mula cannot be used. In other wards, in the LZ tunneling
problem, our result shows that the k · p approximation
cannot be used for π
8ρ3
X0 > 1. Therefore, the transition
property is not determined only by information of the
band edge due to the higher-order effect.
The lattice effect in ΘB can be observed directly by
the tunneling. For the observation, we consider the de-
tection of the tunneling current with the large ratio PB
PD
at
temperature T with kBT < ∆. We assume an insulator
stacked with the 1D SSH systems. There are N¯ identi-
cal copies of the SSH system in the insulator along the
external force, without interaction between the 1D sys-
tems. Then, we give two criteria, I: 2iδS− 3 > 0, and II:
2iSB + ln N¯ > 0. In region I, the lattice effect is strong,
X  =100
Log[PB]-10
-30
-50
10
20
30
0.5 1 1.5 v
PBPDLog[      ]
0.5 1.51
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ρ
ΘB
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FIG. 2: (a) The field-independent factor of the lattice model
ΘB(ρ) in Eq. (15), and its approximation forms are shown:
ΘD(ρ) ∼ ΘB(ρ < 1) and ΘF(ρ) ∼ ΘB(ρ > 1). (b) The right
and left vertical axes show values of the transition probability
PB and the ratio
PB
PD
in a log scale, for X0 =
∆
F
= 10 in units
of the lattice constant. v is shown in units of ∆. The ratio
shows PB > PD.
and the LZ formula cannot be used due to PB
PD
> e3 ∼ 20.
Region II shows detectability of the tunneling current
with N¯PB > 1; in reality, finite values of the tunneling
probability are required for the observation. N¯ is deter-
mined by the spacing b between the 1 D SSH systems and
the cross-section A of the insulator. For the electron in
materials, b is expected to be of the order of the lattice
constant. In the calculation, we use N¯ = 1012, and this
value is obtained for b ∼ 10 nm and A ∼ 1cm×1cm, for
example. The diagram of regions I and II is shown in
Fig. 3 for the parameters of v and aF in units of ∆. We
find that the region satisfying the two criteria I ∩ II is
limited for large aF and small v; namely, under the cri-
teria, the lattice effect is observable when both X0 and
ρ are small. Using (F
∆
, v
∆
) = (0.3, 0.3) ∈ I ∩ II, as an
example, we estimate the current as NPB ∼ 300. The
approximate formula gives the close value, N¯PF ∼ 600.
For ρ > 1, Fig. 2 indicates that it is difficult to observe
the lattice effect. By Eq. (19), the condition for the large
lattice effect is roughly given asX0 ≫ ρ3. Meanwhile, the
large transition probability is obtained for X0 ∼ ρ. Since
the two conditions are contradictory to each other, the
lattice effect appears with the small probability. Namely,
the strong lattice effect appears with small values of the
transition probability, and the direct observation requires
high sensitivity detectors or insulators with a large num-
ber of the 1D LZ systems. For ρ < 1, we will observe the
lattice effect in this region, although the transition prob-
ability drastically decreases as shown in Fig. 2 (b). For
5the electron in solids, the condition ρ < 1 is expected in
some systems with the strong correlation25, for example.
In addition, recently, the flat-band dispersion has been
studied in carbon nanotube superlattices26,27. In these
systems, ρ can be tuned28, and by changing the chemical
potential or structure of superlattices, small values of X0
and ρ are expected. In the SSH optical lattices systems
with an applied external field29, the physical parameters
are expected to be tuned, and the strong F will be ob-
tained by the large gradient of the magnetic field. Then,
the experimental observation will be done by using these
systems.
In summary, we theoretically investigate the LZ prob-
lem of the Bloch states, and the enhancement of the tun-
neling probability is shown by the periodic nature of the
lattice. In many cases, although particles in lattice show
complex band structures, the system can be reduced to
the present 1D SSH model for the particle with the en-
ergy close to the gap. Therefore, in reality, the tunneling
probability of lattice systems is expected to be under-
estimated by the LZ formula. In this study, the lattice
effect emerges by the spatial gradient of the potential on
bulk periodic systems; namely the periodicity is broken
by the force. Recently, transport phenomena of magnons
by the gradient of the magnetic field has been studied
in the presence of the gap30, and for these systems, the
lattice effect is also expected.
At the same time, the periodic effect can be regarded
as a nonlinear effect. For standard LZ problems, an ex-
plicit time-dependent driving in the Hamiltonian is con-
sidered3,31,32. In these systems, the change of the force
can be nonlinear by an external control, and the magni-
tude of the nonlinear effect on the transition amplitude
cannot be neglected when its contribution to the action is
larger than unity, even though this value is much smaller
than the Dirac action. Recently, for the many-body ef-
fect of the LZ problems, the Coulomb potential has been
studied33,34, and this interaction gives different behavior
of the tunneling. The lattice effect will give a correction
for the Coulomb problem, and this problem is impor-
tant for electron systems, since the correlation becomes
strong in some materials. General systems inevitably in-
volve nonlinear or perturbative effect, e.g., interaction
between particles, disorders, and high-energy effects as
shown in this study, and similar effects are expected in
ubiquitous quantum tunneling, besides periodic systems.
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FIG. 3: Diagram for the observation of the lattice effect. In
region I: 2iδS−3 > 0, the strong lattice effect is obtained, and
the probability becomes larger than that by the LZ formula :
PB
PD
> e3 ∼ 20. In region II: 2iSB + ln N¯ > 0 for the number
of the SSH systems N¯ = 1012. PBN¯ > 1 is given, and the
tunneling current is assumed to be detectable.
Appendix A: Calculation for ΘB
Here, we give a derivation ΘB = − iSBX0 in Eq. (15) in
detail. The instanton action is given as
iSB = 2
1
F
∫ −q0
0
dq
√
∆2 − v2 sinh2 q. (A1)
with q0 = Arcsinh(ρ
−1). By putting x =√
1− ( v
∆
)2
sinh2 q > 0, the action takes the form
iSB = 2
∆
F
∫ −q0
0
dqx = 2
∆
F
[qx]q=−q0q=0 − 2
∆
aF
∫ −q0
0
dx
dq
q
= −2∆
F
∫ 0
1
dxq(x)
= −2∆
F
∫ 1
0
dxArcsinh
[(
∆
v
)√
1− x2
]
, (A2)
where we chose q(x) = −Arcsinh [(∆
v
)√
1− x2] for q <
0. The above equation reflects the energy conservation
ξκ + FX =const., and for the Dirac model the similar
calculation has been done by using the WKB method17.
By transformation of the variable cosλ =
√
1− x2, ΘB
(15) is calculated as
ΘB = 2
∫ 1
0
dxArcsinh(ρ−1
√
1− x2)
= 2
∫ pi
2
0
dλ cosλArcsinh(ρ−1 cosλ)
= 2
∫ pi
2
0
dλ cosλ ln(ρ−1 cosλ+
√
1 + ρ−2 cos2 λ),
6where we used Arcsinh(x) = ln(x+
√
1 + x2), and
ΘB = = −2ρ−1
∫ pi
2
0
dλ sin2 λ
1 + ρ
−1 cosλ√
1+ρ−2 cos2 λ
ρ−1 cosλ+
√
1 + ρ−2 cos2 λ
= 2ρ−1
∫ pi
2
0
dλ
sin2 λ√
1 + ρ−2 cos2 λ
=
2
√
1 + ρ−2
ρ−1
[
K
(√
1
1 + ρ2
)
− E
(√
1
1 + ρ2
)]
,
(A3)
where K(Q) and E(Q) are the complete elliptic integrals
of the first and second kinds:
K(Q) ≡
∫ pi
2
0
dθ
1√
1−Q2 sin2 θ
E(Q) ≡
∫ pi
2
0
dθ
√
1−Q2 sin2 θ. (A4)
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